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We study the entanglement of the one-dimensional XY model and two-dimensional Ising model,
which undergo quantum phase transitions during the quantum adiabatic evolution. It is demon-
strated that the paramagnetic ground state is adiabatically transformed to the maximally entangled
GHZ state in the ferromagnetic phase, and vice versa, by turning on or off the external magnetic
field slowly. We analyze the dependence of the ground energy gap on the number of spins, and
the universal feature of the fidelity between the GHZ state and an adiabatically evolved state. We
found that the square interpolation, connecting the initial and problem Hamiltonians for adiabatic
quantum computation, gives the better results than the linear one. It is also shown that for the two-
dimensional Ising model, the two-dimensional GHZ state could be generated via adiabatic quantum
computation.
PACS numbers: 03.67.Lx, 03.67.Mn, 73.43.Nq, 75.10.Jm
A quantum computer is a quantum system so that it
can simulate directly and efficiently quantum dynam-
ics [1]. When a quantum system undergoes a quan-
tum phase transition (QPT) [2], induced by the variation
of external parameters or coupling strength, its ground
state changes dramatically and maybe so its entangle-
ment. Entangled states, showing quantum correlations
between subsystems, are not only valuable resources in
quantum information processing but also important for
understanding quantum many-body systems. Thus a
study of entanglement in connection with QPTs has been
one of the most interesting research topics [3, 4, 5, 6, 7].
However, much attention has been paid to the entan-
glement of quantum systems in the ground states or at
equilibrium but not to their dynamical changes during
QPTs. Also the conjecture that the entanglement mea-
sures are maximum at the quantum critical points has
been the subject of much controversy [8, 9, 10, 11].
In this paper, we address the simulation of QPTs with
adiabatic quantum computation (AQC) and how the en-
tanglement changes when the QPT takes place. We
present a way of generating a maximally entangled state
of a quantum system which undergoes a QPT during the
quantum adiabatic evolution. As prototypes of QPTs,
we consider an one-dimensional spin-1/2 XY model and a
two-dimensional spin-1/2 Ising model. It is demonstrated
that the product state in the paramagnetic phase is adia-
batically transformed to a maximally entangled state, the
Greenberg-Horne-Zeilinger (GHZ) state, in the ferromag-
netic phase and vice versa. Our numerical study shows
the possibility of the universal behavior of the fidelity be-
tween the GHZ state and an adiabatically evolved state.
For a two-dimensional Ising model, we numerically gen-
erate a two-dimensional GHZ state via AQC.
Let us start with a brief introduction to the AQC [12].
It relies on the adiabatic theorem that an evolved quan-
tum system will stay at its instantaneous ground state
if its Hamiltonian changes very slowly. The controlled





|ψ(t)〉 = H(t)|ψ(t)〉 . (1)
If the Hamiltonian H(t) of Eq. (1) changes slowly, then
the initial state |ψg(0)〉, the ground state of an initial
Hamiltonian H(0) = H0 at time t = 0, evolves to
the ground state |ψg(T )〉 of the problem Hamiltonian
H(T ) = Hp at time t = T . The degree of the slow-
ness of H(t) is parameterized by the computation time
T . It is convenient to introduce the dimensionless time
s ≡ t/T with 0 ≤ s ≤ 1. There are many ways to connect
H0 and Hp smoothly as a function of s. A simple one is
to connect them linearly, called the linear interpolation,
H(s) = (1− s)H0 + sHp . (2)
We introduce a new way to connect H0 and Hp, called
the square interpolation,
H(s) = (1− s2)H0 + s(2− s)Hp . (3)
As shown later, this gives better results than the linear
interpolation.
Consider the one-dimensional spin-1/2 XY model























where N is the number of spins, λ the external magnetic
field, and γ the parameter for the degree of anisotropy of
spin-spin interaction. Here the coordinate x is exchanged
2with z for convenience. The periodic boundary condition,
σN+1 = σ1 is assumed. For γ = 1 the XY model becomes











γ = 0 it becomes the XX model.
Let us recall the ground state of the Ising model which
undergoes the QPT at λc = 1 [2]. For λ≫ 1, the ground






where |+〉 = 1√
2
(|↑〉+ |↓〉). For λ ≪ 1 or λ = 0, the
ground state has two-fold degeneracy. Due to the spon-
taneous symmetry breaking, the ground state becomes












(|F↑〉+ |F↓〉) . (7)
Dorner et al. [15] demonstrated that for the Ising model
the paramagnetic state is transformed to the GHZ state
by slowly decreasing the magnetic field λ. Note that
|P 〉, |F↑〉, and |F↓〉 are separable states but |GHZ〉N is
maximally entangled.
Although the energy spectrum, the ground state, and
the phase diagram of the XY model were obtained with
the help of the Jordan-Wigner transformation long time
ago [13, 14], the study on the relation between its en-
tanglement and QPTs has become a challenging research
topic. Osborne and Neilsen [4] studied the entropy of
a single spin and the two-spin entanglement, where |F↑〉
is taken as a ground state in the ferromagnetic phase.
Osterloh et al. [3] investigated the two-spin entangle-
ment and its universality for the XY model. However,
this does not capture the global entanglement because
|F↑〉 and |GHZ〉N give the same value of the two-spin en-
tanglement. Vidal et al. [5] calculated the entanglement
between a block of contiguous spins and the rest. The
problem whether the entanglement should be maximum
at the critical point seems to be unsettled. The direct
simulation of QPTs via AQC might give a clue to this
problem.




σxi , Hp = HXY − λH0 . (8)
Eq. (4) is recast in the time-dependent Hamiltonian
HXY (s, γ) = (1− s)H0 + sHp(γ) , (9a)
HXY (s, γ) = (1− s2)H0 + s(2− s)Hp(γ) , (9b)
with the linear interpolation Eq. (9a), and with the
square interpolation Eq. (9b). By comparing of Eqs. (4)
and (9), we obtain the time-dependence of the magnetic
field, λ(s) = (1 − s)/s for the linear interpolation and
λ(s) = (1 − s2)/(2s − s2) for the square interpolation.
The path of adiabatic evolution from the paramagnetic
phase to the ferromagnetic phase is depicted in Fig. 1 (a).
At time s = 0 corresponding to the limit λ→∞, the ini-
tial state is given by the paramagnetic state, Eq. (5). At
s = 1/2, the XY model arrives at the XY critical line.
The adiabatic evolution ends at s = 1, that is, λ = 0. We
examine which of two states, Eqs. (6) and (7) is the true
final state by calculating the fidelity between the GHZ
state and an evolved state as function of s and γ. Also
we investigate the reverse trip from the ferromagnetic
phase, starting with Eqs. (6) or (7), to the paramagnetic
phase by exchanging H0 and Hp. So we can check the re-
versibility and the universality of the adiabatic evolution,
during which the QPT takes place.
For the numerical simulation of the AQC, we de-
velop the program which solves the Schro¨dinger equa-
tion and diagonalizes the Hamiltonian directly with-
out the Jordan-Wigner transformation. We simulate a
one-dimensional XY model with N = 12, and a two-



























FIG. 1: (color online). (a) Phase diagram of the XY model
with the XY critical line at λ = 1 and the XX critical line
at γ = 0 [14]. It is symmetric about γ and λ axes. (i) is the
path for the evolution from the paramagnetic phase to the
ferromagnetic phase. (ii) is the return path. (b) Gap ∆01/N
between the two lowest eigenvalues as a function of γ and λ.
For the one-dimensional XY model, the energy spec-
trum is obtained as function of time s and the anisotropy
parameter γ as shown in Fig. 1 (b). As the free energy de-
termines classical phase transitions, the ground state en-
ergy plays a key role in QPTs. As depicted in Fig. 1 (b),
the gap ∆01 between the two lowest eigenvalues of the XY
Hamiltonian clearly shows the two critical lines. The XY
3critical line corresponds to ∆01 = 0, i.e., λ = 1. On this
line the two lowest eigenvalues merge together and the
ground state becomes degenerated. Fig. 2 (a) plots ∆01
and ∆12, the gap between the second and third lowest
eigenvalues, as a function of s at γ = 1 for N = 8, 10, 12.
∆01 is nearly independent of N . However, ∆12 is highly
dependent on N near the critical points sc = 1/2, i.e,
λc = 1. The energy gap ∆ of the one-dimensional infinite
lattice XY model is known to be ∆ ∼ |λ−λc| [6, 16]. ∆01
and ∆12 can be regarded as the energy gap between the
ground state and the first exited state in the paramag-
netic phase and in the ferromagnetic phase, respectively.
That is ∆(λ) = ∆01(λ) for λ > 1 and ∆(λ) = ∆12(λ)
for λ < 1. So the critical slowing down at the critical
point [16] is due to ∆12 not due to ∆01 as N → ∞. Let
us examine the universality of ∆01, that is, independent
of γ. Due to the finite size effect, the region of the univer-
sality where ∆01 = 0 does not extend to the XX line, i.e.,
0 < γ ≤ 1 for the infinite lattices. The region satisfying








































N =   8
N = 10
 N = 12
FIG. 2: (color online). (a) ∆01 and ∆12 as a function of s at
γ = 1 for N = 8, 10, 12. (b) ∆01 and ∆12 as a function of γ







































FIG. 3: (color online). Low energy levels per spin and the
fidelity as a functions of s for the XY model with N = 12
and γ = 0.75 (a) for the linear interpolation, and (b) for the
square interpolation. The running time T = 20 is taken. The
energy spectrum ranges from -1 to 1 and is symmetric about
x axis.
Fig. 3 shows the difference between the linear inter-
polation and the square interpolation. The linear inter-
polation needs much more computation time T , that is,
slower evolution than the square one. The reason is that
the gap ∆12 for the square one is higher at the critical
region than that for the linear one so that the probabil-
ity for the transition to the exited states is reduced. We
find that the square interpolation helps us to reduce the




























FIG. 4: (color online). Fidelity FGHZ between the GHZ state
and the evolved state as a function of λ(s) and γ. s is mapped
to λ. N = 10, T = 20, and the square interpolation are used.
Fig. 4 shows the fidelity between the evolved state and
the GHZ state, FGHZ(s) = |〈ψ(s)|GHZ〉|2, as a function
of s and γ. The paramagnetic state, Eq. (5) at s = 0
(λ ≫ 1) adiabatically evolves to the GHZ state, Eq. (7)
at s = 1 (λ = 0) without dependence of γ. Due to the fi-
nite size effect, the fidelity decreases near the XX critical
line. As mentioned before, the region of the universality
is dependent on the number of spins N . Let us discuss
the relation between the entanglement and the QPTs,
which are raised before. First, the entanglement of the
ground state is maximum at λ = 0 not on the XY critical
line in contradiction to the naive view on maximum en-
tanglement at the critical points. Second, the single-site
entropy varies from 0 at the paramagnetic phase to 1 in
the ferromagnetic phase because the ground state is given
by the GHZ state. This is in opposition to the result of
Ref. [4]. Finally, one easily see that the two-spin entan-
glement could not figure out the global entanglement in
the ferromagnetic phase because |F↑〉 and |GHZ〉N give
the same value of the two-spin entanglement.
Let us discuss the reversibility of the QPT. The para-
magnetic state is adiabatically transformed to the GHZ
state in the ferromagnetic phase by decreasing λ. Does
the GHZ state evolve adiabatically to the paramagnetic
state Eq. (5) even though there is the energy level split-
ting at the XY critical line? By exchanging H0 and Hp,
the reverse evolution, the path (ii) in Fig. 1 (a), can be
implemented. To examine the reversibility of AQC, con-
sider HXY (s, γ) = f(s)H0 + g(s)Hp(γ) where f(s) =
4(s−1/2)2 and g(s) = −4s(s−1). At s = (2−√2)/4, the
paramagnetic to ferromagnetic transition happens. The
ferromagnetic to paramagnetic transition takes place at
s = (2+
√
2)/4. We find that in spite of the energy level
merging and splitting during the journey, the paramag-
netic state is adiabatically transformed to the GHZ state













FIG. 5: (color online). (a) Two functions f(s) and g(s) as a
function s for the round trip. (c) FGHZ and FP as a function
of s with γ = 0.8, N = 10, T = 200.
Let us turn to the two-dimensional Ising model to pro-












where |↑〉ij is the spin-up state at the lattice site i and
j. As illustrated in Fig. 6 (a), the 3× 3 two-dimensional
lattice is considered. The open boundary condition is as-
sumed. The two-dimensional Ising model can be mapped
to the one-dimensional Ising model with long-range in-
teractions as depicted in Fig. 6 (a). Figs. 6 (b) and (c)
show several lowest energy levels, and the fidelity be-
tween the evolved state and the two-dimensional GHZ

























FIG. 6: (color online). (a) Two dimensional square lattice of
size 3×3 and its mapping to the one-dimensional lattice with
long-range interaction. (b) Energy levels as a function of s
with the linear interpolation. (c) Fidelity between the evolved
state and the two-dimensional GHZ state as a function of s.
In conclusion, we have studied the one-dimensional XY
model and the two-dimensional Ising model, which un-
dergo the QPTs during the adiabatic quantum evolution.
It has been demonstrated that the paramagnetic state
evolves adiabatically to the GHZ state in the ferromag-
netic phase and vice versa. According to our result the
entanglement may not be maximal at the critical points.
We presented a square interpolation scheme which gives
the better result for the XY model. So a good inter-
polation between the initial and problem Hamiltonians
could shorten the adiabatic computation time. It has
been pointed out that for the XY model the critical slow
down at the XY critical line is due to ∆12 not to ∆01. The
generation of entangled states via AQC is simple in the
sense that only the external magnetic field is turned off
or on slowly. It is not necessary to control the exact time
for qubit-qubit coupling, i.e., CNOT gate. This method
could be easily implemented with optical lattice qubits or
with superconducting qubits. One big drawback of AQC
is the relatively long running time T . It should be smaller
than the decoherence time but at the same time it has
to be large enough to avoid the unwanted transition. We
will report the effect of decoherence on AQC by solving
the Lindblad master equation [17] and the generation of
W-type entangled states or cluster states [18] via AQC.
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